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For any connected Lie group G, we introduce the notion of exponential radi-
cal ExpG that is the set of all strictly exponentially distorted elements of G. In
case G is a connected simply-connected solvable Lie group, we prove that ExpG
is a connected normal Lie subgroup in G and the exponential radical of the quo-
tient group G/Exp(G) is trivial. Using this result, we show that the relative growth
function of any subgroup in a polycyclic group is either polynomial or exponential.
 2002 Elsevier Science (USA)
1. INTRODUCTION
For any connected Lie group G, one can consider the metric induced
by some left-invariant Riemannian structure on G. Such a metric makes
G a subject of asymptotic considerations as any other metric space. In the
present paper, we introduce and study the notion of exponential radical
ExpG of a connected Lie group G. We say that an element g of a con-
nected Lie group G is strictly exponentially distorted in G if the length of
gn in G grows as logn + 1. By deﬁnition, ExpG is the set of all strictly
exponentially distorted elements of G. Our main result is the following.
Theorem 1.1. Let G be a connected simply-connected solvable Lie group,
and let N be the maximal connected normal nilpotent subgroup in G. Then
the following assertions are true.
(1) ExpG ⊆ N .
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(2) ExpG is a connected normal Lie subgroup in G.
(3) ExpG is strictly exponentially distorted in G.
(4) ExpG/ExpG = 1.
It is easy to show that ExpG is not necessarily a subgroup in the general
case. We observe also that ExpG is trivial for a connected Lie group G if
and only if G is a group of polynomial volume growth [7, 8].
Further, we apply these results to study the relative growth functions of
subgroups in polycyclic groups. Let us recall basic deﬁnitions. Suppose  is
a group generated by a ﬁnite set X and  is a subgroup of . Note that we
do not assume  to be ﬁnitely generated. Then the relative growth function
of  is deﬁned by the formula
γn = 
g ∈   
g
X ≤ n
where 
g
X denotes the word length of g with respect to X. The relative
growth of subgroups has been introduced by Grigorchuk [4] in connection
with spectra of random walks on discrete groups. In fact, the asymptotic
behavior of this function is independent of the choice of a ﬁnite generating
set in . More precisely, if we take another ﬁnite set of generators in ,
we get an equivalent relative growth function of  in the following sense.
Given two functions f g N → N, we put f  g if there exist constants
c k > 0 such that f n ≤ cgkn. Further we say that f is equivalent to g
and write f ∼ g if f  g and g  f .
Recall that a function f is said to be polynomial if f  nd for some d ∈ N.
If f ∼ 2n, we say that f is exponential. Finally, if nd  f for any d ∈ N,
f  2n, and f ∼ 2n, then f is called intermediate. The positive solution of
the Milnor problem [11] for solvable and linear groups [12, 24, 22] inspires
the following natural questions which can be found in [5].
• In case G is solvable, is the relative growth of a subgroup H either
polynomial or exponential?
• Same question for G linear.
It follows from results of Ol’shanskii [13] that there are cyclic subgroups
of intermediate growth even in ﬁnitely presented groups. However, the
groups constructed by Ol’shanskii satisfy some small cancellation condi-
tions and so are very distant from solvable groups. The negative answer to
the above questions has been obtained by the author in [14]. In particu-
lar, linear metabelian groups with cyclic subgroups of intermediate growth
have been constructed. In this paper, we prove the following.
Theorem 1.2. Let  be a polycyclic group and let  be a subgroup of .
Then the relative growth of  is either polynomial or exponential.
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This answers the question asked in [14].
The paper is organized as follows. In the next section, we discuss a num-
ber of known deﬁnitions and facts needed for the sequel. The properties
of the exponential radical are investigated in Section 3. Finally, we apply
the obtained results to study the relative growth functions of subgroups in
polycyclic groups in Section 4.
2. PRELIMINARIES
In this section, we discuss some basic notions related to metrics and
norms on groups. We begin with deﬁnitions.
Deﬁnition 2.1. LetG be a group. A function distG×G→ R+ ∪ 0 is
called ametric (or a distance function) if it is symmetrical, left-invariant under
the action of G on itself, satisﬁes the triangle inequality, and distg h = 0
implies g = h.
Deﬁnition 2.2. We say that a non-negative function g → 
g
 on a
group G is a norm (or length function) if it satisﬁes the following conditions.
For any g h ∈ G, one has 
g
 = 
g−1
, 
gh
 ≤ 
g
 + 
h
, and 
g
 = 0
implies g = 1.
Given a metric dist on a group G, one can deﬁne the corresponding norm
by the formula

g
 = distg 1 (1)
Similarly, a norm on a group G induces a metric by the rule
distg h = 
g−1h
 (2)
Recall that a map φ X1 → X2 between two metric spaces X1 distX1
and X2 distX2 is said to be a quasi-isometry if there are constants Cλ,
and  such that the following conditions hold.
(1) For any x2 ∈ X2, there is an element x1 ∈ X1 such that
distφx1 x2 ≤ C.
(2) For any two elements u v ∈ X1, we have
1
λ
distX1u v −  ≤ distX2φu φv ≤ λ distX1u v + 
The metric spaces X1 and X2 are said to be quasi-isometric in this case.
Let us consider some important examples.
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Example 2.1 (word metrics). If a group  is generated by a ﬁnite set X,
then we deﬁne a norm on  by assigning to each element g ∈  the length of
the shortest word over X ∪X−1 that represents g. The associated metric is
called the word metric on  corresponding toX. As is well-known, if we take
another ﬁnite generating set of G, we get a quasi-isometric metric space.
Example 2.2 (Riemannian metrics on Lie groups). For any connected
Lie group G, there exists a Riemannian structure on G which is invariant
under the left action of G on itself. This structure induces a metric dist on
G in the usual way. It is easy to see that such a metric is independent of
the choice of the left-invariant Riemannian structure up to quasi-isometry.
Example 2.3. One can introduce a metric structure on groups in a more
general way. Given a locally compact groupG generated by some symmetric
compact neighborhood of the identity , deﬁne the norm on G by the
formula 
g
G = infn g ∈ n =  · · ·, where we set 0 = 1. We will
call such a norm canonical as well as the corresponding metric. Clearly, this
deﬁnition is independent of  up to quasi-isometry. It is easy to see that
the canonical metric is quasi-isometric to the word (resp. Riemannian) one
in case of a ﬁnitely generated (resp. connected Lie) group G.
Lemma 2.1. Suppose G, H are locally compact groups generated by some
symmetric compact neighborhoods of the identities, 
·
G, 
·
H are canonical
norms on G and H, and distG, distH are the induced metrics. Assume that
φ G → H is a continuous surjective homomorphism. Then the following
assertions are true.
(1) There is a constant K such that
distHφg1 φg2 ≤ K · distGg1 g2
for any g1 g2 ∈ G.
(2) There exists a constant L such that, for any h ∈ H, there is an
element g ∈ φ−1h of length

g
G ≤ L
h
H
The proof is trivial and is left to the reader.
Now let G, H be groups with given norms 
·
G, 
·
H and H ≤ G. Then
one deﬁnes the distortion function of H in G by the formula
GHr =
1
r
sup

h
G≤r

h
H
for all r ∈ + (see [3, 6]). Clearly, if we choose other norms on G and
H which are quasi-isometric to the original ones, we get an equivalent
distortion function. In particular, if G is a connected Lie group and H is
a closed connected or closed ﬁnitely generated subgroup of G, then GH is
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well deﬁned and independent of the choice of canonical metrics on G and
H (up to equivalence).
The following two propositions from [23] are needed for the sequel.
Recall that a connected Lie group G is of type R if the linear operator
ad X  →  has only pure imaginary eigenvalues for any element X of
the Lie algebra  of G. In particular, any connected nilpotent Lie group is
of type R.
Theorem 2.2 [23]. Let G be a connected Lie group and let H be a closed
solvable subgroup of G. Then H is compactly generated and the distortion of
H in G is bounded above by some exponential. The same is true if we assume
H to be connected but not necessarily solvable.
Theorem 2.3 [23]. Let G be a Lie group of type R and let H be closed
subgroup in G. Then H is compactly generated and the distortion of H in G
is polynomial.
The assertions of the above theorems were claimed by Gromov [6] up
to certain small changes. Recently, the analogous results were obtained by
Sami [19] in case of p-adic groups. Note also that the explicit formula for
subgroup distortions in nilpotent Lie groups can be found in [15] (see also
[16] and [17]).
3. EXPONENTIAL RADICALS
Now we are going to introduce the main construction of the present
paper.
Considering connected Lie or ﬁnitely generated groups, we assume them
to be endowed with some canonical metrics and norms.
Deﬁnition 3.1. Let G, H be groups with given norms 
·
G, 
·
H and
let H ≤ G. H is said to be strictly exponentially distorted in G if there exist
constants c  such that we have
1
c
log
h
H + 1 −  ≤ 
h
G ≤ c log
h
H + 1 +  (3)
for any h ∈ H. Similarly, we say that an element g ∈ G is a strictly exponen-
tially distorted element in G if the corresponding cyclic subgroup is strictly
exponentially distorted in G, i.e., there exist constants c  such that we have
1
c
logn + 1 −  ≤ 
gn
G ≤ c logn + 1 +  (4)
for all n ∈ . For convenience, we will assume that the identity is a strictly
exponentially distorted element.
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Clearly, in case of locally compact groups, these notions are independent
of the choice of canonical metrics on G and H. Further suppose G is a
Lie group and H is a closed solvable or closed connected subgroup of G.
In view of Theorem 2.2, to prove that H is strictly exponentially distorted
in G, it is sufﬁcient to show that the right-hand inequality in (3) holds. If, in
addition, G is solvable and simply-connected, then any cyclic subgroup is
closed in G. Therefore, to establish that g is a strictly exponentially dis-
torted element of G, it is sufﬁcient to check the right-hand inequality in (4).
The following lemma provides a rich source of nontrivial examples of
strictly exponentially distorted subgroups and elements in Lie groups.
Lemma 3.1. Suppose G is a connected Lie group,  is one of the additive
groups , φ → G is a monomorphism, and the image φ is closed in
G. Assume that there exist g ∈ G and λ ∈  λ > 1 such that g−1φ1g =
φλ. Then φ endowed with the natural metric is strictly exponentially
distorted in G, as well as any element of φ.
Proof. For any n ∈ , n > 1, we have
n = 0 + 1λ+ · · · + jλj = 0 + λ1 + · · · + λj−1 + λj   
where j ≤ logλ n and i ∈ 0λ for all i. Denote by lk the length

φk
G. The equality g−1φ1g = φλ implies g−1φkg = φλk
for all k ∈ . Therefore, we have lk1 + k2 ≤ lk1 + lk2 and
lλk ≤ lk + 2
g
G. Hence
ln ≤ l0 +
j∑
i=1
li + 2
g
GM + 2
g
G logλ n+M
where M = sup∈0λ l. The lemma is proved.
Deﬁnition 3.2. The set of all strictly exponentially distorted elements
of a group G is called an exponential radical of G and denoted by ExpG.
Observe that, in general, the exponential radical is not necessarily a sub-
group. Let us consider an example.
Example 3.1. Suppose G = SL2 and consider two parabolic ele-
ments a = (1 10 1), b = (1 01 1) Denote by g the matrix a = ( 12 00 2) Then g−1ag =
a4, gbg−1 = b4, and hence a b ∈ ExpG. But ab = (2 11 1) has eigenvalues
λ = 12 3 ±
√
5. It is not hard to check that 
abn
G ∼ n (in fact, this is
true for any hyperbolic element of SL2). Thus ab ∈ ExpG.
A number of examples and details related to distortions in linear groups
can be found in [6]. Also, some similar notions in semisimple Lie groups
were considered in [10].
796 d. v. osin
Proposition 3.2. Let G be a connected Lie group. Then ExpG = 1 if
and only if G is a group of type R.
Proof. First let us observe that if g is a strictly exponentially distorted
element of G, then the cyclic subgroup generated by g is closed in G. It
follows from Theorem 2.3 that ExpG = 1 whenever G is of type R.
Now suppose that G is not of type R. As was proved in [8], G contains a
closed subgroup H which is isomorphic either to the subgroup of GL2
consisting of all matrices of the form(
et s
0 1
)

where s t ∈ , or to the subgroup of GL2 (considered as a real Lie
group) consisting of all matrices of the form(
eθt z
0 1
)

where z ∈ , θ = θ1 + θ2i, and θ1 θ2 ∈ \0. One can easily see that in
both cases, H is a connected simply-connected solvable Lie group. Arguing
as in Example 3.1, we obtain that ExpH = 1. Since H is closed in G, this
implies ExpG = 1.
To prove Theorem 1.1, we introduce another way to construct the expo-
nential radical. Throughout the following discussion, G denotes a simply-
connected solvable Lie group,  denotes its Lie algebra, and N denotes the
maximal connected nilpotent normal subgroup of G. Also, denote by ZN
the center of N . As is well known, ZN is a connected simply-connected
Lie subgroup in N [1, Chap. III, Sec. 9, Proposition 15]. Since ZN is
invariant under any automorphism of N , it follows that ZN is a normal
Lie subgroup in G. Set
EG = ZN ∩ ExpG
Lemma 3.3. The set EG is a connected normal Lie subgroup of G.
Proof. First we observe that for any two elements f g ∈ EG, we have
fg ∈ EG. Indeed, since fgn = f ngn, the element fg is strictly exponen-
tially distorted in G. Hence EG is a subgroup of G. Further, if we take
elements f ∈ ExpG and h ∈ G, then we obtain

h−1fhn
G = 
h−1f nh
G ≤ 2
h
G + 
f n
G
Therefore, EG is a normal subgroup in G. Finally, let us observe that
if f = expX ∈ EG, X ∈ , then exptX ∈ EG for any t ∈ . In
particular, EG is an integral subgroup of G. Since ZN is a connected
simply-connected abelian Lie group, EG is a Lie subgroup in ZN, as
well as in G.
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Lemma 3.4. The subgroup EG is strictly exponentially distorted in G.
Proof. Denote by  the subalgebra of the Lie algebra  of G corre-
sponding to EG. Fix some basis X1    Xm of . By deﬁnition of EG,
there is a collection of positive constants c1     cm 1     m, such that

exptXi
G ≤ ci logt + 1 + i (5)
for all t ∈  and i = 1    m. Clearly, without loss of generality, we can
assume that (5) is true for all t ∈ . Set
c = max
i=1m
ci  = max
i=1m
i
Suppose now that f = expX ∈ EG. Then
X = a1X1 + · · · + amXm
for some constants a1    am ∈ . Assume that the set 1    m is a
disjoint union of two subsets I1 and I2 such that ai < 2 if i ∈ I1, and
ai ≥ 2 whenever i ∈ I2. Set m0 = 
I2. Since EG is abelian, we can take
the Euclidean metric on EG. This means that

f
EG =
√
m∑
i=1
ai2 ≥
√∑
i∈I2
ai2 ≥ m0
√∏
i∈I2
ai
On the other hand, if a ≥ 2 and b ≥ 2, we have a + b ≤ ab. There-
fore, a + 1b + 1 = ab + a + b + 1 < 2ab + 1. By induction,
we obtain ∏
i∈I2
ai + 1 ≤ 2m0
(∏
i∈I2
ai + 1
)

Finally, we have

f
G =
∥∥∥∥
m∏
i=1
expaiXi
∥∥∥∥
G
≤
m∑
i=1

expaiXi
G ≤
m∑
i=1
ci logai + 1 + i
≤ ∑
i∈I1
ci logai + 1 + i +
∑
i∈I2
ci logai + 1 + i
≤ m−m0c log 3+  +
∑
i∈I2
ci logai + 1 + i
≤ c log
(
2m0
(∏
i∈I2
ai + 1
))
+m0+ m−m0c log 3+ 
≤ c log
f
EGm0 + 1 + cm0 log 2 +m+ cm−m0 log 3
≤ cm0 log
f
EG + 1 + cm log 3+m (6)
This proves the lemma.
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Now we deﬁne a sequence E0 ≤ E1 ≤ · · · of connected normal Lie sub-
groups of G by induction. We set E0 = 1 and deﬁne Ei as the inverse image
of EG/Ei−1 under the natural homomorphism G→ G/Ei−1.
Lemma 3.5. For any i, Ei is a connected normal Lie subgroup of G which
is contained in N, the maximal connected nilpotent normal subgroup of G.
Proof. The lemma is trivial for i = 0. By induction, assume that we have
proved our assertion for all i < j. Since Ej−1G is connected, G/Ej−1 is
simply-connected (this is an immediate consequence of the exactness of the
homotopy sequence π1G → π1G/Ej−1 → π0Ej−1 [21]). Therefore,
EG/Ej−1 is a connected normal Lie subgroup of G/Ej−1 by Lemma 3.3.
Hence Ej is a connected normal Lie subgroup of G. Now let us show that
Ej ⊆ N . To prove this, we take an element g ∈ Ej and consider g¯, its image
in G/N under the natural homomorphism G → G/N . It is easy to see
by Lemma 3.4 that the element gEj−1 is strictly exponentially distorted in
G/Ej−1. Therefore, the image g¯ of gEj−1 in G/N ∼= G/Ej−1/N/Ej−1 is
strictly exponentially distorted by Lemma 2.1. However, G/N ∼= m and,
in particular, G/N contains no nontrivial strictly exponentially distorted
elements. Hence g¯ = 1. This means that g ∈ N and the lemma is proved.
Lemma 3.6. Suppose G is a connected simply-connected solvable Lie
group. Then the subgroup Ei is strictly exponentially distorted in G for any i.
In particular, Ei ⊆ ExpG.
Proof. We proceed by induction on i. The case i = 0 is trivial. Suppose
now i > 1. By Lemma 3.4, the subgroup Ei/Ei−1 is strictly exponentially
distorted in G/Ei−1. Consider an element h ∈ Ei and set h¯ = hEi−1. By
Lemma 2.1, we obtain

h¯
G/Ei−1 ≤ c1 log
h¯
Ei/Ei−1 + 1 + 1 ≤ c2 log 
h
Ei + 1 + 2 (7)
where c1 c2 1 2 are constants which are independent of h. Using
Lemma 2.1 again, we choose an element h0 ∈ G of length

h0
G ≤ k · 
h¯
G/Ei−1 (8)
such that h0 ∈ hEi−1 and the constant k is independent of h. Recall now
that Ei ⊆ N . Hence h0 ∈ N . Combining (7), (8), and Theorem 2.2, we
obtain

h0
N ≤ c32
h0
G + 3 ≤ c32k
h¯
G/Ei−1 + 3 ≤ c4
h
d1Ei + 4 (9)
for some constants c3 c4 d1 3 4 independent of h. Let us put h1 = h−10 h.
Obviously, h1 ∈ Ei−1. Taking into account (9) and Theorem 2.3, we obtain

h1
Ei−1 ≤ c5
h1
Nd2 + 5 ≤ c5
h0
N + 
h
Nd2 + 5 ≤ c6
h

d3
Ei
+ 6
(10)
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where c5 c6 d2 d3 5 6 are independent of h also. Using the inductive
hypothesis and inequality (10), we obtain

h1
G ≤ c7 log
h1
Ei−1 + 1 + 7 ≤ c8 log
h
Ei + 1 + 8 (11)
for some constants c7 c8 7 8 which are independent of h. Finally, com-
bining (7), (8) and (11), we have

h
G = 
h0h1
G ≤ 
h0
G + 
h1
G ≤ c9 log
h
Ei + 1 + 9
Since all constants c1     c9 d1     d3 1     9 are independent of h,
the inductive step is completed.
Evidently, for some t ∈ , one has
E1  E2  · · ·  Et = Et+1 = · · · 
Now we are going to show that Et = ExpG.
Lemma 3.7. Suppose Et is deﬁned as above; then ExpG/Et = 1.
Proof. Indeed, suppose there exists a strictly exponentially distorted ele-
ment g ∈ G/Et . Denote by M the maximal connected normal nilpotent
subgroup in G/Et . By Lemma 2.1, gM is strictly exponentially distorted in
G/Et/M . But G/Et/M is simply-connected and abelian and hence con-
tains no nontrivial strictly exponentially distorted elements. Thus g ∈M . If
g ∈ ZM, then we get a contradiction with the assumption Et = Et+1.
Further, if g /∈ ZM, then there exists a sequence g1     gl ∈ M such
that
1 = g1 g2     gl g ∈ ZM
where g1 g2     gl g denotes the simple l+ 1-fold commutator. Obvi-
ously, one has g1 g2     gl gn = g1 g2     gl gn. This immediately
implies that g1 g2     gl g is strictly exponentially distorted in G/Et ,
which contradicts to Et = Et+1 again.
Corollary 3.8. We have ExpG = Et .
Proof. In view of Lemma 3.6, it remains to show that ExpG ⊆ Et . If
g ∈ ExpG, then gEt ∈ ExpG/Et by Lemma 2.1. It follows from Lemma
3.7 that gEt = 1Et , i.e., g ∈ Et . The corollary is proved.
As a consequence of the above discussion, we obtain Theorem 1.1.
Now let us consider an example.
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Example 3.2. Consider the group of upper-triangular matrices, T n,
n ≥ 2, and denote by T0n the connected component of the identity.
Then one has
ExpT0n = UT n (12)
where UT n is the subgroup consisting of matrices whose diagonal
entries are equal to 1. Indeed, denote by eij = akl the n × n-matrices
such that akl = 0 if k l = i j, and aij = 1. Next let us put
tijr = e+ reij dij = e+ eii −
1
2
ejj
In fact, UT n is generated by tijr 1 ≤ i < j ≤ n r ∈  [9]. Taking
into account that ekleij = δilekj , where δil = 1 if i = l, and 0 if i = l, it is
not hard to check that
dijtijrd−1ij =
(
e+ eii −
1
2
ejj
)
e+ reij
(
e+ ejj −
1
2
eii
)
= e+ 4reij = tijr4
for any i = j. This immediately implies that tijr is strictly exponen-
tially distorted in T0n, and hence UT n ≤ ExpT0n. Since
T0n/UT n ∼= n, it follows that ExpT0n/UT n = 1 and
(12) is proved.
4. RELATIVE GROWTH FUNCTIONS OF SUBGROUPS IN
POLYCYCLIC GROUPS
In this section, we apply the above results to describe relative growth of
subgroups in polycyclic groups. Recall that a group  is called polycyclic if
there is a subnormal series 1 = h+1  h  · · ·1 = , where i/i+1 is
cyclic for all i = 1 h. As is well known, for any polycyclic group , there
exists a subgroup 0 of ﬁnite index that can be embedded into a connected
simply–connected solvable Lie group as a lattice [18, Theorem 4.28].
Let us recall that the volume growth function of a connected Lie group
G is deﬁned by the formula
VolGn = µBallGn
where µ is a left-invariant Haar measure on G and
BallGn = g ∈ G 
g
G ≤ n
One of the most important results on the asymptotic behavior of VolGn is
the complete description of groups with polynomial growth by Guivarc’h [7]
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and (independently) by Jenkins [8]. We recall that a connected group G has
polynomial growth if and only if G is of type R.
To prove the main result of this section, we need two lemmas.
Lemma 4.1. Let  be a ﬁnitely generated group and let  be a subgroup
of . Then for any subgroup 0 of ﬁnite index in , we have
γn ∼ γ0∩0n
where γ and γ
0
∩0 are the relative growth functions of subgroups  and
 ∩ 0 in  and 0, respectively.
Proof. The proof is straightforward and is left to the reader.
Lemma 4.2. Let , 8 be ﬁnitely generated groups with given word metrics,
 be a subgroup of , and let φ  → 8 be a homomorphism. Set 1 =
∩Ker φ, let 2 = φ, and denote by γ, γ1 , and γ
8
2
the relative growth
functions of 1, and 2 in the groups  , and 8, respectively. Then we
have
γn  γ1n · γ
8
2
n
Proof. For any g ∈ φ, we ﬁx some representative σg ∈  that is
some shortest element h (with respect to the word metric on ) satisfying
the conditions h ∈  and φh = g. Now suppose x ∈  and 
x
 ≤ n.
There exists a constant c which is independent of x such that

φx
8 ≤ c
x
 ≤ cn (13)
Further let us consider the element x0 = xσφx−1. Clearly, x0 ∈ 1
and we have

x0
 ≤ 
x
 + 
σφx
 ≤ 
x
 + 
φx
8 ≤ c + 1n (14)
Since the element x is uniquely deﬁned by the pair φx x0, the inequal-
ities (13) and (14) imply
γn ≤ γ1c + 1n · γ
8
2
cn
The lemma is proved.
Proof of Theorem 1.2. Let 0 be a subgroup of ﬁnite index in  such that
there is an embedding of 0 into a connected simply-connected solvable Lie
group G. We will identify 0 and its image in G. Set 0 = 0 ∩. In view
of Lemma 4.1, it is sufﬁcient to show that 0 has either polynomial or
exponential relative growth in 0.
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Suppose N is the maximal connected normal nilpotent Lie subgroup of
G. Set 1 = 0 ∩N and
γG1n = 
g ∈ 1 
g
G ≤ n
Since any lattice in a connected solvable Lie group is uniform [18, Theo-
rem 3.1], the embedding of 0 in G is a quasi-isometry (see, for example,
[20]). This implies
γG1n ∼ γ
0
1
n (15)
where γ01 is the relative growth function of 1 in 0.
There exists a connected Lie subgroup H of N such that 1 ≤ H and
H/1 is compact [18, Proposition 2.5]. Let us consider two possibilities.
First we assume that H ∩ ExpG = 1. We show that the relative
growth function of 0 is polynomial in this case. Since G/ExpG is
simply-connected, the image of H under the natural homomorphism
 G → G/ExpG is a Lie subgroup in G/ExpG [1, Chap. III, Sect. 9,
Proposition 21]. It follows that the restriction of  to 1 is an embed-
ding and 1 is a discrete subgroup in G/ExpG. Taking into account
Lemma 2.1, we obtain
γG1n  γ
G/ExpG
1 n (16)
where
γ
G/ExpG
1 n = 
g ∈ 1 
g
G/ExpG ≤ n
Since 1 is discrete, there is a compact ball B ⊆ G/ExpG of radius
δ > 0 around the identity such that x1B ∩ x2B =  for any distinct x1 x2 ∈
1, where xiB = xib b ∈ B i = 1 2 Let µ be a left-invariant Haar
measure on G/ExpG. Evidently,
VolG/ExpGn+ δ ≥
∑
x∈1 
x
G/ExpG≤n
µxB = µBγG/ExpG1 n (17)
By Proposition 3.2, G/ExpG is of type R. Hence
VolG/ExpG  nd (18)
for some d. Combining (15), (16), (17), and (18), we obtain
γ
0
1
n  nd (19)
Let us put n0 = 0 ∩ N and denote by 2 the image of 0 under the
natural homomorphism 0 → 0/n0. Since the quotient group G/N is
abelian, 0/n0 is abelian. In particular, one has
γ
0/
n0
2
n  ne (20)
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for some constant e > 0, where γ0/
n0
2
is the relative growth function of 2
in 0/n0. Finally, taking into account Lemma 4.2, (19), and (20), we claim
that the relative growth function of 0 in 0 is polynomial.
Now suppose that H ∩ ExpG = 1. Let us show that γ00 is exponential.
To prove this, we take a nontrivial element h ∈ H ∩ ExpG and consider
the corresponding one-parameter subgroup exptX. Recall that H/1 is
compact. Hence there exists a compact ball S ⊂ G of radius ρ > 0 around
the identity such that, for any h ∈ H, the intersection hS ∩ 1 is nontriv-
ial. Recall that H ≤ N . As N is a connected simply-connected nilpotent
Lie group, the corresponding exponential map is a diffeomorphism. Hence
there is a constant k such that
distGexptX expt + sX = 
expsX
G > 2ρ (21)
for any t whenever s > k. Now let us consider the collection of balls
S0 = S S1 = expkXS S2 = exp2kXS     S2n = exp2nkXS
n > 1, and set
U =
2n⋃
i=0
Si
Clearly, (21) implies Si ∩ Sj =  whenever i = j. Hence

U ∩1 > 2n (22)
Recall that exptX is strictly exponentially distorted in G. In particular,
this implies that there are constants c  > 0 such that

u
G ≤ cn+  (23)
for any u ∈ U . Finally, (22) and (23) imply that the relative growth function
of 1 is exponential. To conclude the proof, it remains to note that γ
0
0
n ≥
γ
0
1
n for any n. The theorem is proved.
Let us note that the analog of Proposition 3.2 is false in case of polycyclic
groups. As was observed by Conner [2], there exists a polycyclic group 
of exponential growth such that all cyclic subgroups are undistorted in ,
i.e., Exp = 1. Since any lattice in a group of type R is virtually nilpo-
tent [24], it follows that ExpG = 1 for the connected simply-connected
solvable Lie group G corresponding to . In particular, if S is a connected
simply-connected solvable Lie group and > is a lattice in S, then ExpS ∩>
is not necessarily a lattice in ExpS.
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In conclusion, we formulate the following question, which is still open.
Question 4.1. Does there exist a subgroup of a polycyclic group with the
relative growth function γn ∼ nα for noninteger (or even irrational) α?
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